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Abstract
We present a relaxed version of Koide’s mass formula from a nonet Yukawaon scalar in
the SU(3) flavor symmetry. Koide’s character K, which involves the Standard Model fermion
masses, is derived from vacuum expactation values of Yukawaons in both classical and super-
symmetric scenarios. Requirements from the flavor symmetry and renormalizability leave two
free parameters in the scalar potential or the superpotential of Yukawaons. One of the free
parameters provides possible loop-level mass corrections, while the other parameter modulates
Koide’s character K in the relaxed mass formula from the original formula. The parameter
modulating K may also provide quark mixing in a similar Yukawaon model coupled to the
quark sector.
1 Introduction
Patterns of the Standard Model (SM) fermion masses suggest undiscovered new physics in the SM
Yukawa sector. When further inspecting the fermion mass spectra, various choices of symmetries
beyond SM, including unitary symmetries [1, 2, 3, 4, 5, 6, 7], orthogonal symmetries [8, 9], and
discrete symmetries [10, 11, 12, 13, 14], are well studied. Among varieties of phenomenological
approaches, Koide’s formula on the charged lepton masses [15, 16], inspired by an early work
by Froggatt and Neilsen on fermion mass ratios [17], exhibits a great consistency with current
experimental data [18, 19] on the pole masses of charged leptons. An effective way to explain the
physical origin of Koide’s formula is known as the Yukawaon model [20, 21, 22], in which the SM
Yukawa couplings are derived from the vacuum expectation value (VEV) of a 9-component scalar
field Φ ji (i, j = 1, 2, 3). These scalar components beyond SM, named Yukawaons, can be set up in
the 3⊗ 3∗ = 8⊕ 1 representation of the SU(3) flavor symmetry to be free from anomaly [23]. The
effective Yukawa coupling terms are interpreted with Yukawaons [24, 25], and here we arrange
L0Y =
yf
Λ2
(
ψ¯liLΦ
k(1)
i Φ
j(1)
k Hψ
e
jR
+ ψ¯qiLΦ
k(2)
i Φ
j(2)
k H˜ψ
u
jR
+ ψ¯qiLΦ
k(3)
i Φ
j(3)
k Hψ
d
jR
)
+ h.c., (1)
for the left-handed leptons ψliL = (νiL, eiL)
T, the right-handed charged leptons ψeiR = eiR, the left-
handed quarks ψqiL = (uiL, diL)
T, the right-handed up quarks ψuiR, the right-handed down quarks
ψdiR, the Higgs fields H = (H
+, H0)T and its charge conjugation H˜ = H∗, with a dimensionless
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coefficient yf and a cut-off scale Λ mW [25]. The SU(3) flavor symmetry can be extended to U(3)
which includes three U(1) symmetries correspond to the conserved lepton and baryon numbers, and
L0Y is also invariant under the SU(3) by setting all U(1) charges of Yukawaons to 0. Below the scale
Λ, the three sectors of Yukawaons Φ
j(a)
i (a = 1, 2, 3) acquire VEVs from an SU(3)-invariant scalar
potential V , which spontaneously break the SU(3) flavor symmetry, and turn L0Y into the effective
Yukawa coupling terms LY in SM. Then the VEVs of the Higgs fields 〈H〉 = (0, v/
√
2)T give the
the SM fermion mass matrices
M
j(a)
i =
yfv√
2Λ2
〈Φ〉 k(a)i 〈Φ〉 j(a)k . (2)
For a = 1 this effective mechanism produces Koide’s original mass formula on the charged lepton
masses:
K ≡ me +mµ +mτ
(
√
me +
√
mµ +
√
mτ )2
=
[ΦΦ]
[Φ]2
=
2
3
. (3)
For convenience, we denote [A] ≡ Tr[A] where A can be any monomial of Φ, and write Φ for 〈Φ〉
as long as it does not cause any ambiguity. This value of K, predicted by the Yukawaon model, is
verified by current experimental data on the charged lepton masses with high precision. From the
data of charged lepton masses [19]:
me = (0.5109989461± 0.0000000031) MeV/c2, (4)
mµ = (105.6583745± 0.0000024) MeV/c2, (5)
mτ = (1776.86± 0.12) MeV/c2, (6)
with their 1-σ errors, K is calculated to be
Kexperiment =
2
3
× (0.999991± 0.000010). (7)
In addition, the theoretical value of K deviates from Eq. (3) when loop-level mass corrections
are taken into account. To fix this problem, a symmetry-breaking mechanism with an extra gauge
symmetry U(3)×O(3) is introduced [25, 26]. The O(3) symmetry is spontaneously broken at a high
energy scale, leaving the U(3) symmetry to cancel the possible deviation of K by QED loop-level
mass corrections.
However, in early versions of Yukawaon models [24], the SU(3)-invariant scalar potential V1 =
λ[Φ8Φ8][Φ]
2 is incomplete, i.e., it does not include all possible terms respecting SU(3). The missing
SU(3)-invariant terms in V1 have to be unnaturally fine-tuned to have zero coefficients. A recent
approach [27] considered all SU(3)-invariant terms in the scalar potential for Φ. Besides the original
mass formula, a second mass formula on the charged lepton masses was proposed. But as we are
going to show, some vital mistakes invalidate the second mass formula, and the original mass
formula should be modified to a relaxed version.
In this work, we take the the scalar potential V of Yukawaons Φ to include all SU(3)-invariant
terms up to quartic. By considering all necessary conditions for a stationary point of V , we
find that the Yukawaon VEV relations obtained invalidate Koide’s second mass formula. The
relaxed version of mass formula with Koide’s character K we derived is modulated by two free
parameters. One of them provides possible loop-level mass corrections which may compensate
QED loop-level corrections on the pole masses of fermions. The other free parameter in the relaxed
2
mass formula modulates K from its original value K = 2/3, which degenerates to Koide’s original
mass formula when this parameter vanishes. In addition, by requiring the SU(3) flavor symmetry
for a renormalizable superpotential W in the SUSY scenario, we derived the same Yukawaon VEV
relations and the same relaxed mass formula as what has been got in the classical scenario. In both
scenarios, the relaxed mass formula provides a modulated range of K that covers all possible mass
relations for charged leptons, up quarks and down quarks. It offers a natural interpretation of SM
fermion masses.
The rest part of this paper is arranged as following. In Section 2, we derive the relaxed version
of Koide’s mass formula in the classical scenario from the scalar potential with all SU(3)-invariant
terms. In Section 3, from a superpotential constructed with the SU(3) flavor symmetry and renor-
malizability requirements, we derived the Yukawaon VEV relations and the relaxed mass formula
in the SUSY scenario, which is in agreement with the classical scenario. In Section 4, we make
some concluding remarks on the possible implications from the relaxed mass formula.
2 The relaxed Koide’s mass formula: classical scenario
Following Koide’s schedule [24, 27] for deriving the mass formula(s) on charged lepton masses, we
consider the renormalizable scalar potential with all SU(3)-invariant terms which induces the 3× 3
Hermite VEV matrix for the Yukawaon octet Φ8 and the Yukawaon singlet [Φ]:
V1 = a0 [Φ8Φ8Φ8Φ8] + a1 [Φ8Φ8Φ8] [Φ] + a4 [Φ]
4
+ a2 [Φ8Φ8] [Φ]
2 + a02 [Φ8Φ8] [Φ8Φ8] , (8)
where a0, a1, a4, a2, and a02 are now undetermined parameters. The octet Φ8 ≡ Φ− 13 [Φ] I3×3, as
8 in the Young tableaux decomposition of 3⊗ 3∗ = 8⊕ 1, serves the identities
[Φ8Φ8Φ8Φ8] = [ΦΦΦΦ]− 4
3
[ΦΦΦ] [Φ]
+
2
3
[ΦΦ] [Φ]2 − 1
9
[Φ]4
[Φ8Φ8Φ8] [Φ] = [ΦΦΦ] [Φ]− [ΦΦ] [Φ]2 + 2
9
[Φ]4
[Φ8Φ8] [Φ]
2 = [ΦΦ] [Φ]2 − 1
3
[Φ]4
[Φ8Φ8] [Φ8Φ8] = [ΦΦ] [ΦΦ]− 2
3
[ΦΦ] [Φ]2 +
1
9
[Φ]4 . (9)
These identities lead to the expression of the scalar potential
V1 = a0[ΦΦΦΦ] +
(− 4
3
a0 + a1
)
[ΦΦΦ][Φ] + a02[ΦΦ][ΦΦ]
+
(2
3
a0 − a1 + a2 − 2
3
a02
)
[ΦΦ][Φ]2
+
(
− 1
9
a0 +
2
9
a1 − 1
3
a2 +
1
9
a02 + a4
)
[Φ]4. (10)
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Together with a trivial Higgs-like sector
V0 = −µ2 [ΦΦ] + λ[ΦΦ][ΦΦ]
= −µ2
(
[Φ8Φ8] +
1
3
[Φ]2
)
+ λ
(
[Φ8Φ8] +
1
3
[Φ]2
)2
, (11)
the complete scalar potential for the Yukawaons is written as V = V0 + V1, which includes all
SU(3)-invariant renormalizable terms. By applying the derivatives ∂[Φ
n]
∂Φ = nΦ
n−1, ∂[Φ]∂Φ = I3×3, we
are able to derive the local stationary point(s) of the total potential V by
∂V
∂Φ
= −2µ2Φ + 4λ [ΦΦ] Φ + 4a02 [ΦΦ] Φ
+ 4a0ΦΦΦ +
(
−4
3
a0 + a1
)(
[ΦΦΦ] I3×3 + 3 [Φ] ΦΦ
)
+ 2
(
2
3
a0 − a1 + a2 − 2
3
a02
)(
[Φ]2 Φ + [ΦΦ] [Φ] I3×3
)
+ 4
(
−1
9
a0 +
2
9
a1 − 1
3
a2 +
1
9
a02 + a4
)
[Φ]3 I3×3 (12)
which satisfies the identities for 3×3 Hermitian matrices ΦΦΦ = [Φ]ΦΦ+ 12([ΦΦ]− [Φ]2)Φ+ |Φ|I3×3
and [ΦΦΦ] = 3|Φ|+ 32 [ΦΦ][Φ]− 12 [Φ]3, that
∂V
∂Φ
= −2µ2Φ + 4 (λ+ a02) [ΦΦ] Φ
+ 4a0
(
[Φ] ΦΦ +
1
2
(
[ΦΦ]− [Φ]2
)
Φ + |Φ| I3×3
)
+
(
−4
3
a0 + a1
)((
3|Φ|+ 3
2
[ΦΦ][Φ]− 1
2
[Φ]3
)
I3×3 + 3[Φ]ΦΦ
)
+ 2
(
2
3
a0 − a1 + a2 − 2
3
a02
)
·
(
[Φ]2 Φ + [ΦΦ] [Φ] I3×3
)
+ 4
(
−1
9
a0 +
2
9
a1 − 1
3
a2 +
1
9
a02 + a4
)
[Φ]3 I3×3 (13)
inducing the Yukawaon VEV by ∂V∂Φ = 0. Requiring that the VEVs of ΦΦ, Φ, and I3×3 are linearly
independent in the non-trivial cases, firstly from the ΦΦ terms it induces
a1 = 0. (14)
This important fact indicates that the quartic term a1[Φ8Φ8Φ8][Φ] with a cubic factor of the
Yukawaon octet should vanish, otherwise a Yukawaon VEV may not exist. From the Φ terms,
it induces
µ2 = (2λ+ 2a02 + a0) [ΦΦ] +
(
−1
3
a0 + a2 − 2
3
a02
)
[Φ]2 (15)
4
appearing as a Higgs-like VEV relation adjusted by the free parameters a0, a2, and a02. From the
I3×3 terms, it induces
0 =
(
−1
3
a0 + a2 − 2
3
a02
)
[ΦΦ]
+
(
1
9
a0 − 2
3
a2 +
2
9
a02 + 2a4
)
[Φ]2 (16)
which gives the relaxed Koide’s mass formula, i.e.
K =
[ΦΦ]
[Φ]2
=
2
3
· a2 − (a0 + 2a02)/6− 3a4
a2 − (a0 + 2a02)/3 . (17)
Under certain condition (V1 = a2[Φ8Φ8][Φ]
2 with a2 6= 0), the relaxed Koide’s mass formula returns
to Koide’s original mass formula K = 2/3. From Eq. (13), one can clearly see that there is no
apparent restriction on the quantity DetΦ ≡ |Φ| which appears in Koide’s second mass formula
[27].
The relaxed Koide’s mass formula Eq. (17) contains four free parameters a2, a0, a02, and a4.
Among them, a0 and a02 appears in the fixed combination a0 + 2a02. In addition, K only depends
on ratios of the parameters. Hence there are only two effective parameters in the relaxed formula.
We may further explore other models which lead to the relaxed formula with less parameters. Such
a model is constructed in the following SUSY scenario.
3 The relaxed Koide’s mass formula: SUSY scenario
To reproduce the relaxed Koide’s mass formula Eq. (17) in a SUSY scenario, we shall consider
a superpotential W (ϕa) of chiral superfields {ϕa} in the Wess-Zumino model with the F-flatness
condition
〈(∂aW )∗∂aW 〉 = 0⇔ 〈∂aW 〉 = 0. (18)
Enlightened by a superpotential with two additional chiral superfields φ1 and φ2 set up by Koide
and Yamashita [28], we propose the superpotential in a general form
W =
1
2
(
φ1 φ2
)(µ11 µ12
µ21 µ22
)(
φ1
φ2
)
+
(
φ1 φ2
)(b11 b12
b21 b22
)(
[Φ8Φ8]
[Φ]2
)
+ µ2[ΦΦ], (19)
where we assign R-charge 1 to the chiral superfields φ1, φ2 and R-charge 1/2 to the 9-component
Yukawaon scalar Φ ji . This superpotential includes all renormalizable terms respecting the SU(3)
flavor symmetry and the R-symmetry. In addition, we introduce the term µ2[ΦΦ] which slightly
breaks the R-symmetry with a small µ. The small R-symmetry breaking may be resolved by
promoting µ to be an R-charge 1/2 field, which get a VEV from an extra sector beyond the scope
of our current discussion. If the congruent transformation is established for some A,B > 0(
µ11 µ12
µ21 µ22
)
' diag(+A,−B), (20)
a suitable linear redefinition of φ1, φ2 is possible to set µ11 = µ22 = 0 and lead the superpotential
to the simplified form
W = µ3φ1φ2 +
(
φ1 φ2
)(b11 b12
b21 b22
)(
[Φ8Φ8]
[Φ]2
)
+ µ2[ΦΦ]. (21)
5
Importantly, the 8 ⊕ 1 irrep. of Yukawaons raising the octet factor [Φ8Φ8] and singlet factor
[Φ]2 in Eq. (21) can express the other quantities in the vacuum structure by
[ΦΦ] = [Φ8Φ8] +
1
3
[Φ]2 (22)
which appears in the term µ2[ΦΦ] in W and the factor [ΦΦ] in K. Consider the F-flatness condition
0 =
∂W
∂φ1
= µ3φ2 + b11[Φ8Φ8] + b12[Φ]
2
0 =
∂W
∂φ2
= µ3φ1 + b21[Φ8Φ8] + b22[Φ]
2 (23)
the chiral superfields φ1, φ2 are expressed in terms of the Yukawaon octet and singlet:
φ1 = −b21[Φ8Φ8] + b22[Φ]
2
µ3
(24)
φ2 = −b11[Φ8Φ8] + b12[Φ]
2
µ3
. (25)
These quantities can be plug into the other equation of the F-flatness condition,
0 =
∂W
∂Φ
= 2µ2Φ + (b12φ1 + b22φ2)2[Φ]I3×3
+ (b11φ1 + b21φ2)
(
2Φ− 2
3
[Φ]I3×3
)
(26)
from which we receive
0 = 2µ2Φ− 2Φ
µ3
(
2b11b21[Φ8Φ8] + (b11b22 + b12b21)[Φ]
2
)
+
2[Φ]I3×3
3µ3
(
2b11b21[Φ8Φ8] + (b11b22 + b12b21)[Φ]
2
)
+
2[Φ]I3×3
µ3
(
2b12b22[Φ]
2 + (b12b21 + b11b22)[Φ8Φ8]
)
. (27)
Using [Φ8Φ8] = [ΦΦ] − 13 [Φ]2, and requiring that Φ and I3×3 are linearly independent in the non-
trivial cases, we have
µ2 =
1
µ3
(
2b11b21[ΦΦ]− (b11b22 + b12b21 − 2
3
b11b21)[Φ]
2
)
(28)
and
0 =
2
3
(
2b11b21[ΦΦ] + (b11b22 + b12b21 − 2
3
b11b21)[Φ]
2
)
− 2
(
(b12b21 + b11b22)[ΦΦ] +
(
2b12b22 − b12b21 + b11b22
3
)
[Φ]2
)
. (29)
6
With the redefinition of parameters
b11b21 = a02
b11b22 + b12b21 = a2
b12b22 = a4, (30)
Eq. (28) becomes
µ2 =
2a02
µ3
[ΦΦ] +
1
µ3
(
a2 − 2
3
a02
)
[Φ]2, (31)
which returns to Eq. (15) in the classical scenario with µ3 = 1 and a vanishing a0. The small µ
indicates small VEVs of [Φ] and [ΦΦ] compared to the scale of W . Eq. (29) becomes
0 =
(
2
3
a02 − a2
)
[ΦΦ] +
(
−2
9
a02 +
2
3
a2 − 2a4
)
[Φ]2, (32)
which gives the same relaxed Koide’s mass formula derived from the classical scenario Eq. (17) at
a0 = 0, i.e.
K =
[ΦΦ]
[Φ]2
=
2
3
· a2 − a02/3− 3a4
a2 − 2a02/3 . (33)
4 Concluding Remarks
In this letter, from the scalar potential V1 with all SU(3)-invariant terms, or the superpotential
W for the Yukawaons Φ ji , we derived a relaxed version of Koide’s mass formula Eq. (33) on the
quantity K = (m1 +m2 +m3)/(
√
m1 +
√
m2 +
√
m3)
2 = 2/3 for the fermion masses. In the classical
scenario, the VEV relation Eq. (14) for ΦΦ terms forces the interaction a1[Φ8Φ8Φ8][Φ] to vanish in
order that a stationary point of the scalar potential may exist. In addition, from the expression of
the relaxed mass formula, the coefficient a0 of the quartic self-interaction term a0[Φ8Φ8Φ8Φ8] may
be absorbed into a02.
We then investigate the relaxed mass formula in the SUSY scenario, in which we construct a
generic φ-Φ mixing quadratic form in the superpotential. From the requirements of the family
symmetry and the renormalizability, the unique form of superpotential and the F-flatness VEV
relations are determined. The relaxed version of Koide’s mass formula is then faithfully reproduced
in the SUSY scenario, in agreement with the result obtained from the classical scenario.
The φ-Φ mixing quadratic form here indicates that a0[Φ8Φ8Φ8Φ8] and a1[Φ8Φ8Φ8][Φ] are van-
ishing, while the original K = 2/3 mass formula can be reproduced. Apart from the a2 and a02
terms, the only remaining SU(3)-invariant self-interacting term is a4[Φ]
4. This free parameter a4,
appearing in the relaxed mass formula Eq. (33), may compensate the deviation from loop-level
mass corrections. This bare parameter may serve as an alternative way for accurate predictions of
K when considering both the QED and the Yukawaon loop-level mass effects.
Besides the free parameter a4 compensating for loop-level mass corrections, another interesting
fact about the relaxed mass formula lies in the parameter a02 that modulates the value of K.
Basically, the parameter space of a02/a2 has covered all the possible ranges of K, including Koide’s
original mass formula applied to the charged leptons. As for the generalization of Koide’s original
K = 2/3 formula, various phenomenological models has been constructed, including U(3) × U(3)′
7
SUSY models with generation-independent Φ configurations for quarks and neutrino [23, 30, 31],
and the quark-lepton complementary models [32, 33]. Here, by looking at the scalar potential (or
the superpotential) with all SU(3)-invariant terms, with reference to the experimental data in [19],
one may obtain:
Kup =
mu +mc +mt
(
√
mu +
√
mc +
√
mt)2
' 0.85 (34)
which best fits with a02/a2 = 0.53 for a4  1, and
Kdown =
md +ms +mb
(
√
md +
√
ms +
√
mb)2
' 0.73 (35)
which best fits with a02/a2 = 0.24 for a4  1. Note that in the Yukawaon configuration Eq. (1), the
quark mass eigenstates from the diagonalized SM mass matrices can be derived equivalently from
the diagonalized Yukawaon VEV matrices 〈Φ〉(2) and 〈Φ〉(3), only with a different parameterization.
The presence of a02 term of the Yukawaon octet interaction a02[Φ8Φ8][Φ8Φ8] in the SU(3)-invariant
scalar potential V1, may therefore strongly relate to the quark mixing. From the spontaneous
symmetry breaking of the Yukawaon sector at Λ in the Lagrangian Eq. (1), the off-diagonal VEV
matrices appearing in the Yukawa coupling sector directly modulate the quark mixing parameters.
Besides the generation-independent 1+aX configuration discussed by Koide [23, 30], the parameter
a02 from the Yukawaon octet may provide a new scope for interpreting the CKM matrix, which
remains for future exploration. Nevertheless, this letter is to address the unique vacuum structure
of 8 ⊕ 1 Yukawaon scalars and the concrete form of mass relations derived from the SU(3) flavor
symmetry. Phenomenological implications from the relaxed mass formula is still under discussions.
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